Dark matter searches in gamma ray final states often make use of the fact that photons can be produced from final state muons. Modern Monte Carlo generators and DM codes include the effects of final state radiation from muons produced in the dark matter annihilation process itself, but neglect the O(1%) radiative correction that arises from the subsequent muon decay. After implementing this correction we demonstrate the effect that it can have on dark matter phenomenology by considering the case of dark matter annihilation to four muons via scalar mediator production. We first show that the AMS-02 positron excess can no longer easily be made consistent with this final state once the Fermi-LAT dwarf limits are calculated with the inclusion of radiative muon decays, and we next show that the Fermi-LAT galactic centre gamma excess can be improved with this final state after inclusion of the same effect. We provide code and tables for the implementation of this effect in the popular dark matter code micrOMEGAs, providing a solution for any model producing final state muons.
I. INTRODUCTION
The failure of the Standard Model (SM) of particle physics to adequately explain dark matter has prompted the development of a large number of particle candidates beyond the SM. Weakly Interacting Massive Particles (WIMPs) are excellent candidates. Astrophysical and collider searches have heavily constrained these models through either non-observations, or through the interpretation of tentative anomalies as WIMP signals.
An important class of observation sensitive to the particle physics of the WIMP is the search for a gamma ray flux reaching Earth from a dark matter-dominated region of the universe such as a distant dwarf galaxy, or the Galactic Centre. One may obtain photons in WIMP annihilation in a variety of ways, including direct production (via loop-mediated processes), virtual internal bremstrallung, or the decay of SM annihilation products (e.g. gauge bosons, pions, heavy leptons). The case of dark matter annihilating primarily to leptons ("leptophilic dark matter" [1, 2] ) is particularly interesting, since one would not expect to see such WIMPs in hadron collider or direct search experiments.
In this paper, we look further at the case of gamma rays produced via dark matter annihilation into muonic final states. Modern Monte-Carlo event generators and DM codes include the effects of final state photon radiation (FSR) from muons produced in WIMP annihilation processes, but ignore the radiative decay of the muon in which a photon is emitted from the decaying muon, the intermediate W boson or the final state electron (see Fig.  2 ). To make this clear, final state radiation refers specifically to photons emitted off a muon in the final state of the annihilation process, not the muon decay itself, which occurs as a separate process once the muon has propagated.
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In this paper, we show that radiative muon decay can play a significant role in dark matter phenomenology. By revisiting the theoretical results for this process, we compute revised gamma ray spectra using the PYTHIA 8.175 Monte Carlo (MC) generator [3] . These results are generally applicable for any dark matter model that allows WIMP annihilation to muons, and we provide tabulated spectra of results for use with standard dark matter codes such as micrOMEGAs [4] .
In particular we apply our results to the cosmic ray electron-positron anomaly identified by the AMS-02 [5] , PAMELA [6, 7] and Fermi-LAT experiments [8] (with earlier indications coming from HEAT [9] [10] [11] ). Assuming that the large AMS-02 signal arises purely from a large annihilation cross-section (rather than for example, an additional boost factor due to an overdense WIMP environment), a previous study [12] determined that almost all pure SM final states can be excluded as good AMS-02 candidates at greater than 2σ C.L. by the Pass 7 Fermi-LAT dwarf constraints on gamma ray emission [13] . The one notable exception was the case of a 4-µ final state produced via the pair production and decay of an unknown mediator particle φ, for which the analysis could not be completed due to the absence of the radiative correction to the muon decay:
We thus revisit this case in this paper using the newest Fermi likelihoods from the Pass 8 data [14] . This work makes use of the standard cosmic ray propagation model known as MED [15] ; this is the model that best fits the B/C ratio in the cosmic ray data. Finally, it is worthwhile to revisit the case of the Fermi-LAT galactic centre data, which is hypothesised to show an excess consistent with WIMP annihilation [16] [17] [18] [19] [20] [21] (although several astrophysical explanations have been put forward [22] [23] [24] [25] [26] [27] ). Previous studies have indicated that the prompt gamma ray spectrum from leptonic final states fails to accurately reproduce the excess in the energy spectrum [19] , since the shape is hard to reconcile with the distribution arising from leptons (which turns out to be peaked towards the kinematic endpoint at the dark matter mass). Given the softer spectrum arising from the radiative decay contribution, we investigate if the prompt gamma ray distribution provides a better fit to the data once the extra effect is included. Note that we limit our study to the distribution of gamma rays produced from the annihilation process itself; a further softening of the distribution can be expected from the effects of charged lepton propagation through the Galactic medium which will broaden the range of masses consistent with the excess relative to those we obtain [28] .
Our paper is structured as follows. In Section II we briefly review the necessary theoretical background concerning muon decay. We compute and present the revised gamma ray spectra in Section III before investigating the AMS-02 and Fermi-LAT results in Sections IV and V. We present conclusions in Section VI, and provide information in Appendix A for users of micrOMEGAs.
II. BACKGROUND: RADIATIVE MUON DECAY
The standard (Michel) decay of the muon is shown in Fig. 1 .
At the next order in α EM one obtains a radiative correction to the muon decay shown in Fig. 2 sured branching ratio (BR) is dependent on the lower photon energy threshold of the detector. At present, the radiative BR has only been measured for a lower threshold of E γ > 10 MeV. The best measurement is BR µ→eννγ = 1.4 ± 0.4% [29] . To extrapolate to lower energy we take the approach described in the rest of this section.
Within the framework of the effective V-A interaction the infinitesimal branching ratio for the radiative muon decay µ ± → e ± νν γ is given by [30] :
This is the infinitesimal probability that a muon decay produces a photon in the energy interval dy ≡ 2 dEγ mµ and an electron in the energy interval du ≡ 2 dEe mµ with solid angles dΩ γ and dΩ e in the muon rest frame. Note that this notation is equivalent to that of a differential branching ratio dB γ as has been previously used in the literature. The photon and electron have 3 momenta p γ and p e with unit vectors expressed asp γ andp e respectively.
The boost factor β is given by β = |pe| Ee and the parameter d is given by 1 − (βp e ·p γ ).
P µ is the polarisation of the muon however for this work we assume that the muons are unpolarised and hence P µ = 0. Hence, Eq.(1) simplifies by having terms involving the functions G(u, y, d) and H(u, y, d) vanish. The functional forms of G and H can be found in Appendix A of [30] . F is separated into factors of r ≡ (m e /m µ ) 2 .
with :
For DM annihilation into unpolarised muons, the assumption is that one can assume an isotropic distribution of photons and marginalize over the entire solid angle of the final state photons. We also assume symmetry in the azimuthal component of the electron solid angle. Explicitly writing the solid angle differentials defined in Eq. (1) dΩ e =d cos θ e dφ e dΩ γ =d cos θ γ dφ γ and integrating Eq.(1) over the electron azimuth and the entire photon solid angle yields the differential branching ratio
Kinematics yield the following constraints on the parameters u, y and cos θ e :
where ρ ≡ |p e | in units of m µ /2.
In this paper we sample from the the probability density in Eq.(6) using Monte Carlo techniques subjected to the kinematic constraints in Eq. (7) as detailed later in section III A. We expect the resulting spectrum of photons to be identical to what we would have obtained if we had simply integrated over the remaining degrees of freedom, namely, the electron energy and production angle. Upon integrating over final electron energies and polar angles (u and θ e ) in the limit r ≡ me mµ 2 << 1, the total spectrum of photons from unpolarised muons can be written:
which is shown in Fig. 3 . One immediately notices the infrared divergence present in the spectrum shown in Fig. 3 . Kuno and Okada [30] mention that the singularity is resolved by corrections induced by the standard muon decay, but they do not provide details on the energy scale at which these corrections become apparent.
We thus adopt three energy thresholds in this work at ± → e ±ν νγ decay in the muon rest frame as a function of y = 2Eγ/mµ after the marginalisation over electron energy and production angle. This is per DM-DM annihilation.
density. However, , and then using a small y expansion, we extrapolate the BR to lower thresholds. 
III. DERIVATION OF THE TOTAL GAMMA RAY SPECTRUM FROM MUON DECAY
As it stands, the only photons generated in PYTHIA that arise from processes that produce muons in the final state come from FSR. To make this clear, the final state here refers to a muon in the final state of the dark matter annihilation process, not the muon decay itself, which occurs once the muon has propagated. That is, the radiative decay shown in Fig. 2 is treated as a completely different process to FSR. Thus, there is no overlap (and hence no double counting of photons) between the two processes. The spectrum of photons in the muon rest frame arising from FSR for the process χχ → µ − µ + is given by equation 4 of [31] :
The total spectrum of photons in the muon rest frame is then the sum of radiative and FSR contributions given by Eq. (8) and Eq. (11) respectively
For the primary case of DM annihilation directly to muons χχ → µ + µ − one can write down the spectrum of photons in the DM annihilation frame using the good approximation from [31] :
where x ≡ Eγ mχ and dNγ dy is the muon rest frame spectrum from Eq. (8) .
For the case of a mediated annihilation to muons χχ → φφ → µ + µ − µ + µ − there needs to be two boosts: first from the muon rest frame to the φ frame, then from the φ frame to the DM frame. Let E φ be the energy of the photon in the φ rest frame and ω =
where can be simplified slightly and be written in the form
where
and
It should be noted that in the limit m φ << m χ , ω min → x and ω max >> 1. This then leads to the expression seen in various parts of the literature, for example [31] 
which assumes the m φ << m χ limit. This assumption was not deemed valid for this work due to the inclusion of heavy mediators in the model parameter space.
A. Monte Carlo Event Generation
We use the MC particle event generator PYTHIA 8.175 to simulate 10 9 muon decays arising from DM annihilation as follows. Since PYTHIA cannot directly simulate DM annihilation we follow the procedure usually undertaken in this situation which involves first producing an artificial resonance with the exact four momentum characteristics of two DM particles which subsequently decays to muons e − e + → ψ → µ + µ − . This gives the spectrum of photons that would originate from χχ → µ + µ − in the DM rest frame. We then obtain the spectrum of photons for the four muon final state χχ → φφ → 4µ in the DM annihilation rest frame by taking this resultant spectrum and then boosting by Eq.(15) to get to the DM rest frame.
To correctly generate a spectrum of photons from the radiative muon decay consistent with the spectrum in Eq. (1) we implement an acceptance and rejection Monte Carlo technique to sample from the probability distribution given in Eq. (6) . For each of the specified lower thresholds (0.1, 1 and 10 MeV) we use Eq.(10) to calculate the BR of the radiative decay. We then generate a random number R ∈ [0, 1]. If R < BR radiative then PYTHIA calls our sampling routine to perform a radiative decay. If not, PYTHIA will proceed to perform the dominant 3-body Michel decay already available through its standard mechanisms. The result after the generation of a large enough event sample is a population of photons from muon decays that reflect this initial BR. In order to generate these photons we sample uniformly from the differential branching ratio shown in Eq. (6) . To do so we first set up the muon decay as represented in Fig. 4 : define a z axis to be the direction of the emitted photon with energy E γ . Then, define an electron emitted at some angle θ e from this axis to have energy E e and 3 momentum p e . Neutrinos are generated isotropically in their rest frame and boosted to the muon rest frame whilst ensuring energy and momentum conservation.
To increase efficiency we use an envelope function in the accept/reject method that encompasses Eq. (6) 
then the event is accepted, otherwise, the process is reiterated. All events are binned corresponding to their energy. The differential energy spectrum of photons is then obtained by normalising by the total number of events. This is effectively the energy spectrum per DM annihilation. In Fig. 5 we show extent of the radiative correction for the spectrum of photons arising from a 100 GeV DM annihilation into two muons χχ → µ + µ − in the DM rest frame for the two cases of a 0.1 and 10 MeV threshold. Shown are the spectra from the radiative decay only, FSR only and FSR + radiative contributions. For validation we also show the analytical curve which has been obtained by using Eq.(13) on Eq. (8) . We see that there is a noticeable deviation from the FSR only contribution at soft photon energies arising from the radiative correction. As expected, this deviation is most prominent for the lowest energy threshold of 0.1 MeV, since in this case, we are approaching the infared divergence seen in Fig. 3 , and hence expect more soft photons in the spectrum.
B. PYTHIA 8 settings
PYTHIA has settings for initial state and final state QED radiation. In this work, we switch any initial state radiation merging from the artificial e + e − resonance off. By default, FSR is switched on for leptonic processes, but only for cases with E CM > 20 GeV. For final state QED radiation with E CM ≤ 20 GeV, we use another option called "allowPhotonRadiation". The spectra from this option at 20 GeV matches that of the default FSR, except for photons below ∼ 0.1 MeV. This in part was the motivation behind adopting the minimum threshold mentioned previously. We include the relevant PYHTIA options used to implement the correct FSR for maximum reproducibility in table I. For more detail on these options, see the particle decay section of the PYTHIA manual [3] . We also provide users of micrOMEGAs with updated look up tables that contain photon spectra including the radiative correction for a variety of WIMP masses (see appendix A). These are formatted to replace the default spectra which only include an FSR component.
IV. CONSTRAINING THE FINAL AMS-02 EXPLANATION
Boudaud et al. [15] use the benchmark set of CR propagation parameters known as "MED" to show that the DM annihilation channel χχ
(where the muons promptly decay to e ± ) provides a good fit to the steady increase of the positron spectrum observed by AMS-02 [5] . Furthermore, by accounting for the systematic uncertainties on the CR parameters, they perform a scan over the allowed parameter space to obtain a 'best fit' set of propagation parameters. These fits are shown as the circle (MED) and star (best-fit) in Fig.  6 .
DM annihilations that produce e ± , either directly or through decays and showering of the primary annihilation products, will invariably also produce gamma rays. One can then constrain the AMS-02 fits mentioned above with gamma-ray observations. The Fermi dwarfs are some of the most DM rich objects known to astrophysics. Given their relatively close proximity they thus make excellent targets for indirect detection. Fermi-LAT has surveyed 25 of these dwarfs in the energy range 500 MeV to 500 GeV in search of a significant excess of γ rays to attribute to DM annihilation. At present, no such excess has been detected. As previously mentioned, the authors of [12] have excluded all potential final states using the Pass 7 Fermi-LAT dwarf data except for the four muon final state χχ → φφ → 4µ at greater than the 2σ level.
In this section, we use the new Fermi-LAT likelihoods from the Pass 8 event level analysis [14] to perform a combined dwarf likelihood analysis to constrain the parameter space of DM annihilation into the four muon final state. For each dwarf and energy bin indexed k, j respectively Fermi provides a likelihood L k,j for a corresponding energy flux
where dφ k dE is the differential gamma ray flux from the spherodial k. The differential flux is a function of the spectrum of photons from the annihilation process of interest dNγ dE = 1 mχ dNγ dx . In this case, this is the photon spectrum resulting from χχ → φφ → 4µ which is generated by boosting the muon rest frame number spectrum obtained by Monte Carlo using Eq. (14) followed by Eq. (15) . To firstly illustrate the effects of including the effects of radiative muon decay, we show limits with on σv and mχ with and without the radiative correction to the decay of the muon arising from χχ → φφ → 4µ with m φ = 6 GeV. In both figures, the circle corresponds to the MED propagation parameters, and the star corresponds to the 'best fit' propagation parameters. Left: The limit is presented with no radiative correction included. In this case, the AMS-02 interperetation still survives. Right: FSR + radiative correction included. The red, blue and green curves correspond to the three low energy thresholds of 0.1, 1 and 10 MeV considered in this work. The strongest limit is provided when radiative photons of energies down to 0.1 MeV are allowed. and without our radiative correction implemented at 2σ (95.45% C.L) in Fig. 6 for a mediator mass of m φ = 6 GeV. As shown in the left panel, we find that FSR alone does not produce a limit that excludes the AMS-02 explanation for a 6 GeV mediator at greater than the 2σ level. However, as shown in the right panel, the addition of the radiative component makes the bounds tighter and begins to create tension with the best fit AMS-02 parameters for MED propagation parameters. We see that the strongest constraint comes from allowing radiative photons down to the lowest energy threshold considered of 0.1 MeV, which is expected since we would expect to see more photons arising from the steepening of the spectrum at lower energies. We show the effect of varying the mediator mass on the Fermi-LAT limit in Fig. 7 . We display 2σ upper limits for mediator masses of 6,10, 30 and 100 GeV. Here we show the limits using a 0.1 MeV and a 10 MeV threshold. The limits become stronger as the mass of the mediator φ increases, excluding at greater than the 2σ level the best-fit AMS-02 explanation for mediators with m φ > 100 GeV for the conservative case of a 10 MeV threshold and m φ > 30 GeV for the 0.1 MeV case. The MED fit only survives at 2σ for m φ > 10 GeV for the 10 MeV threshold while it is excluded by all but m φ = 6 GeV in the 0.1 MeV case. We choose to stop at 100 GeV since we see that the AMS best-fit and MED points are excluded at greater than the 2σ level even in the most conservative case of a 10 MeV threshold.
V. FITTING THE FERMI GC EXCESS
In this section we show that including the radiative correction to the muon decay spectrum originating from the χχ → φφ → 4µ process considered earlier can improve the fit to the gamma-ray excess seen in a 7
• × 7
• region centered on (l, b) = (359.9442
• , −0.0462 • ) as presented in [19] . The prompt differential gamma-ray flux [GeV −1 cm −2 s −1 ] arising from WIMP annihilation into a four muon final state within an angular field of view centred on a galactic latitude b and longitude l along a line of sight s is
where r = R − 2sR cos(b) cos(l) + s 2 , dN γ /dE is the total number spectrum of photons per DM annihilation from Eq. (12), dΩ = db dl cos(b) and we take R = 8.25 kpc as the distance from the sun to the GC. We assume a generalized Navarro-Frenk-White (NFW) halo profile [32, 33] 
FIG. 8. The 7
• extended residual presented by [19] corresponding to a best fit NFW template with an inner slope of γ = 1.2 from the GC is shown with the red crosses. The vertical error bars show show the maximum of the 1σ systematic and statistical error. The spectral point E 2 dN/dE is evaluated at the logarithmic midpoint of horizontal bars. The best fit spectrum of FSR photons originating from the χχ → φφ → µ + µ − µ + µ − annihilation is shown with the blue dahsed line, but it is not at all a good fit to the data. Best fit parameters for the FSR only case are mχ = 9.87 GeV and σv = 8.68 × 10 −27 cm 3 /s. We show the best fit radiative correction to the annihilation spectrum with the solid black curve. This comes from using a lower energy threshold of 0.1 MeV and has best fit parameters mχ = 10.34 GeV and σv = 7.10 × 10 −27 cm 3 /s.
radiative correction implemented. We calculate a test statistic which we assume follows a χ 2 distribution with 11 − 2 = 9 d.o.f (11 data and 2 physical parameters σv and m χ ). This is given by
where we adopt the convention F = E 2 dφ dE and the index i runs over the 11 data bands with (1σ) statistical and systematic errors tabulated in table V of [19] . We define a 'good fit' to be that which gives χ The extra soft component of photons induced by the radiative correction gives rise to a slight, but significant widening of the curve which is maximised for light mediators. Since PYTHIA can only handle mediators down to 3 GeV, we adopt this value for the mass of φ. We find that the best fit parameters are for the 0. 
VI. CONCLUSIONS
The particle nature of DM is still unknown. If the DM is a WIMP, the astrophysical search for products of WIMP annihilation remains a viable means of detection. In this paper, we looked further at the case of gamma rays produced via dark matter annihilation into muonic final states. In particular we showed that including the extra photons that arise from the radiative decay of the muon proves to be significant, specifically when applied to the recent electron-positron anomaly identified by AMS-02 and the Fermi-LAT galactic center excess. Indeed, the radiative correction we have generated is applicable to any model with a muonic final state. After a review on the background theory of radiative muon decay we computed and presented the revised gamma ray spectra that arises after adding the radiative correction to the already PYTHIA default FSR component. We show that the radiative correction significantly increases the population of soft photons arising from muon decays. Due to an infared singularity in the radiative photon spectrum, we adopt three lower thresholds of 0.1, 1 and 10 MeV. As expected we saw that the enhanced population of soft photons arising from muon decays is sensitive to this threshold.
To demonstrate the significance of including the radiative correction to the muon decay, we applied our results to the electron-positron anomaly seen in AMS-02. Previous studies have shown that the four muon final state is the only one not excluded by the Pass 7 Fermi-LAT dwarf constraints on gamma ray emission at the 2σ level. We calculated the 2σ upper limits for the recent Pass 8 event level analysis for both FSR only and FSR + Radiative contributions arising from χχ → φφ → 4µ. We saw that including the radiative correction strengthens the limits and excludes (at the 2σ level) the 'best-fit' AMS-02 explanation for mediators with m φ > 100 GeV for the conservative case of a 30 MeV threshold and m φ > 10 GeV for the 0.1 MeV case. The MED fit only survives for m φ > 10 GeV for the 10 MeV and only for m φ > 6 GeV in the 0.1 MeV case.
We showed that the total prompt photon spectrum (FSR + radiative) arising from the χχ → φφ → 4µ annihilation provides a significantly better fit to the 7
• gamma-ray residual observed by [19] at the galactic center than when FSR contributions only are considered. We perform a least-squares goodness of fit test over 11 data and 2 physical parameters, namely the velocity averaged cross-section σv and the DM mass m χ . Given our choice of p value p = 10 −3 , we found that the radiative spectrum with the lowest threshold (0.1 MeV) provided a good fit with best fit parameters m χ = 10.34 GeV, σv = 7.10 × 10 −27 cm 3 s −1 . The FSR only spectrum did not yield a good fit.
The software micrOMEGAs uses look up tables to generate spectra of final states from user input model parameters. We provide users of micrOMEGAs with updated look up tables that contain tabulated photon spectra including the radiative correction for a variety of WIMP masses (see appendix A). These are formatted to replace the default spectra which only include an FSR component.
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